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?
Problem 
Calculate the entropy of Hawking 
radiation.

Problem statement
The entropy should be consistent 
with black hole evaporation unitarity.

Aim
Determine island gravitational 
fine-grained entropy.  
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    Objective Statements
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  Black Hole Fundamentals1
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  Hawking Information Paradox2
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  Page Curve2.1



LPHE-MS 7/26S. TARIQ, R. AHL LAAMARA and E. H. SAIDI



LPHE-MS 8/26S. TARIQ, R. AHL LAAMARA and E. H. SAIDI

 Stages of Black Hole Evaporation2.2



Semi-classical 
gravity

AdS/CFT
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Entropy



Semi-classical 
gravity

Entropy

AdS/CFT
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Bekenstein
S∝ horizon area
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     if A ↘ ⇒  S↘         
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  Generalized Entropy3



Entanglement
Entropy

Properties of 
Entanglement

Entropy

�� =− ��(�� ln �� )

Equality:
 �� = ��

Subadditivity:
 ��1 + ��2 ≥ ��

Strong Subadditivity:
 �� + �� ≥ ��∪� + ��∩�
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 Holographic Entanglement Entropy4



Semi-classical 
gravity

Entropy

AdS/CFT
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  RT Proposal 4.1



Extremality �� = 0
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   HRT Proposal4.2



Always lie outside the 
causal wedge of R

Have less area than the 
bifurcation surface of the 

causal wedge

Obey SSA and MMI Move away from the 
boundary as R grows
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Fine-grained entropy for gravitational systems

Then a more precise version of the formula is
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Quantum Generalization of 
Entanglement Entropy

5



Quantum Extremality
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Quantum expansion

�[�, �]� = ��[�, �]��

LPHE-MS 18/26S. TARIQ, R. AHL LAAMARA and E. H. SAIDI

Quantum extremal surface (QES)5.1



QES has featured various boundary conditions

absorbing reflecting open 
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Maximin 
surface HRT surface≡

����[��] ≥ ����[��] ≥ ����[��]

To show that

We determine

Quantum 
generalization
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Quantum Maximin Surfaces5.2



QMM

Stable

Exist

acausal

Any variation of 
C[��] has � 

homologous to RExtremal
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QMM      QES≡

Nesting

MMI

Entanglement 
wedges contain 
 causal wedges

SSA
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 Mainland Island
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Island Holographic Entanglement 
Entropy6



The total fine-grained entropy of the radiation
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Ah, all you have done is to include the interior 
region to purify the states.
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     Conclusion

Generalized

Bekenstein
-Hawking

Island Gravitational 


